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ALMOST ENGEL COMPACT GROUPS
E. I. KHUKHRO AND P. SHUMYATSKY
To Efim Zelmanov on occasion of his 60th birthday
Abstract. We say that a group G is almost Engel if for every g ∈ G there
is a finite set E (g) such that for every x ∈ G all sufficiently long commutators
[...[[x, g], g], . . . , g] belong to E (g), that is, for every x ∈ G there is a positive
integer n(x, g) such that [...[[x, g], g], . . . , g] ∈ E (g) if g is repeated at least n(x, g)
times. (Thus, Engel groups are precisely the almost Engel groups for which we
can choose E (g) = {1} for all g ∈ G.)
We prove that if a compact (Hausdorff) group G is almost Engel, then G has
a finite normal subgroup N such that G/N is locally nilpotent. If in addition
there is a uniform bound |E (g)| 6 m for the orders of the corresponding sets,
then the subgroup N can be chosen of order bounded in terms of m. The proofs
use the Wilson–Zelmanov theorem saying that Engel profinite groups are locally
nilpotent.
1. Introduction
A groupG is called an Engel group if for every x, g ∈ G the equation [x, g, g, . . . , g] =
1 holds, where g is repeated in the commutator sufficiently many times depending
on x and g. (Throughout the paper, we use the left-normed simple commutator
notation [a1, a2, a3, . . . , ar] = [...[[a1, a2], a3], . . . , ar].) A group is said to be locally
nilpotent if every finite subset generates a nilpotent subgroup. Clearly, any locally
nilpotent group is an Engel group. Wilson and Zelmanov [15] proved the converse
for profinite groups: any Engel profinite group is locally nilpotent. Later Medvedev
[11] extended this result to Engel compact (Hausdorff) groups.
In this paper we consider almost Engel groups in the following precise sense.
Definition 1.1. We say that a group G is almost Engel if for every g ∈ G there
is a finite set E (g) such that for every x ∈ G all sufficiently long commutators
[x, g, g, . . . , g] belong to E (g), that is, for every x ∈ G there is a positive integer
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n(x, g) such that
[x, g, g, . . . , g︸ ︷︷ ︸
n
] ∈ E (g) for all n > n(x, g).
Thus, Engel groups are precisely the almost Engel groups for which we can choose
E (g) = {1} for all g ∈ G.
We prove that almost Engel compact groups are finite-by-(locally nilpotent). By
a compact group we mean a compact Hausdorff topological group.
Theorem 1.2. Suppose that G is an almost Engel compact group. Then G has a
finite normal subgroup N such that G/N is locally nilpotent.
In Theorem 1.2 it also follows that there is a locally nilpotent subgroup of finite
index – just consider CG(N). The proof uses the aforementioned Wilson–Zelmanov
theorem for profinite groups. First the case of a finite group G is considered, where
obviously the result must be quantitative: namely, given a uniform bound |E (g)| 6
m for the cardinalities of the sets E (g) in the above definition, we prove that the
order of the nilpotent residual γ∞(G) =
⋂
i γi(G) is bounded in terms of m only.
Then Theorem 1.2 is proved for profinite groups. Finally, the result for compact
groups is derived with the use of the structure theorems for compact groups.
As in the case of finite groups, if there is a uniform bound m for the cardinalities
of the sets E (g) in Theorem 1.2, then the subgroup N in the conclusion can be
chosen to be of order bounded in terms of m (Corollary 5.5).
In an earlier paper [10] we obtained similar results about finite and profinite
groups with a stronger condition of “almost Engel” type. That condition means
that every element g of the group is “almost n-Engel” for some n = n(g) depending
on g. Note, however, that Engel groups do not necessarily satisfy that condition.
The new Definition 1.1 of almost Engel groups in the present paper imposes a weaker
and more natural “almost Engel” condition and includes Engel groups (when all the
subsets E (g) consist only of 1). Thus, the results of the present paper are stronger
than in [10] even for (pro)finite groups, and cover a wider class of compact groups.
First in § 2 we collect some elementary properties of minimal subsets E (g) in the
definition of almost Engel groups. We deal with finite groups in § 3, with profinite
groups in § 4, and consider the general case of compact groups in § 5.
Our notation and terminology is standard; for profinite groups, see, for example,
[14].
We say for short that an element g of a group G is an Engel element if for any
x ∈ G we have [x, g, g, . . . , g] = 1, where g is repeated in the commutator sufficiently
many times depending on x (such elements g are often called left Engel elements).
A subgroup (topologically) generated by a subset S is denoted by 〈S〉. For a
group A acting by automorphisms on a group B we use the usual notation for
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commutators [b, a] = b−1ba and [B,A] = 〈[b, a] | b ∈ B, a ∈ A〉, and for centralizers
CB(A) = {b ∈ B | b
a = b for all a ∈ A} and CA(B) = {a ∈ A | b
a = b for all b ∈ B}.
Throughout the paper we shall write, say, “(a, b, . . . )-bounded” to abbreviate
“bounded above in terms of a, b, . . . only”.
2. Properties of Engel sinks
Throughout this section we assume that G is an almost Engel group in the sense
of Definition 1.1, so that for every g ∈ G there is a finite set E (g) such that for every
x ∈ G there is a positive integer n(x, g) such that
[x, g, g, . . . , g︸ ︷︷ ︸
n
] ∈ E (g) for any n > n(x, g). (2.1)
If E ′(g) is another finite set with the same property for possibly different num-
bers n′(x, g), then E (g) ∩ E ′(g) also satisfies the same condition with the numbers
n′′(x, g) = max{n(x, g), n′(x, g)}. Hence for every g ∈ G there is a minimal set
satisfying the definition, which we again denote by E (g) and call the Engel sink for
g, or simply g-sink for short. Henceforth we shall always use the notation E (g) to
denote the (minimal) Engel sinks, and n(x, g) the corresponding numbers satisfying
(2.1).
For a fixed g ∈ G, consider the mapping of E (g) by the rule z → [z, g], which
maps E (g) into itself by definition. By the minimality of E (g) this mapping is a
permutation of E (g). Therefore we can speak of orbits (cycles) of this permutation
on E (g). It follows that every z ∈ E (g) can be represented in the form
z = [z, g, . . . , g︸ ︷︷ ︸
k
] for some k > 1, (2.2)
and therefore also as
z = [z, g, . . . , g︸ ︷︷ ︸
jk
] for any positive integer j. (2.3)
Conversely, elements satisfying (2.2) belong to E (g). We have thus proved the
following.
Lemma 2.1. For any g ∈ G the g-sink E (g) consists precisely of all elements z
such that z = [z, g, . . . , g], where g occurs at least once.
Clearly, every subgroup H of G is also an almost Engel group. Moreover, by
Lemma 2.1, for h ∈ H the h-sink constructed within H is precisely the subset
E (h) ∩ H of the h-sink E (h) in G. If N is a normal subgroup of G, then G/N is
also an almost Engel group. For g¯ = gN the g¯-sink in G/N is the image of E (g)
in this quotient group. These properties will be used throughout the paper without
special references.
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For any element h of the centralizer CG(g) the equation z = [z, g, . . . , g] implies
zh = [zh, gh, . . . , gh] = [zh, g, . . . , g]. Hence E (g) is invariant under conjugation by
h by Lemma 2.1. If |E (g)| = m, it follows that hm! centralizes E (g). We have thus
proved the following.
Lemma 2.2. If h ∈ CG(g) and |E (g)| = m, then h
m! centralizes E (g).
Engel sinks have especially nice properties in metabelian groups. We denote by
M ′ the derived subgroup of a group M .
Lemma 2.3. Let M be a metabelian almost Engel group.
(a) Every sink E (g) is a normal subgroup contained in M ′.
(b) Elements of E (g) in the same orbit under the map z → [z, g] have the same
order.
Proof. (a) By (2.2) and (2.3), every element z ∈ E (g) can be represented as z =
[z, g, . . . , g] with g repeated jk(z) times for k(z) > 1 and for every j = 1, 2, . . . . In
particular, E (g) ⊆ M ′. For z1, z2 ∈ E (g) choose j such that jk(z1)k(z2) is larger
than n(z1z2, g). Then, by the standard metabelian laws,
z1z2 = [z1, g, . . . , g][z2, g, . . . , g]
= [z1z2, g, . . . , g] ∈ E (g),
where g is repeated jk(z1)k(z2) times in each commutator. Thus, the finite set
E (g) is a subgroup. For any m ∈ M , choose jk(z) larger than n([z,m], g). Then
[z,m] = [[z, g, . . . , g], m] = [[z,m], g, . . . , g] ∈ E (g), where g is repeated jk(z) times
in each commutator; this means that E (g) is a normal subgroup of M .
(b) Let z ∈ E (g). Since z ∈M ′, we have [zk, g] = [z, g]k for any integer k. Hence
the order of [z, g] divides the order of z. Going in this way over the orbit, we return
to z, which implies that the orders of all elements in the orbit are the same. 
3. Finite almost Engel groups
Of course, any finite group G is almost Engel, and every element g ∈ G has finite
(minimal) g-sink E (g). A meaningful result must be of quantitative nature, and
this is what we prove in this section. The following theorem will also be used in the
proof of the main results on profinite and compact groups.
Theorem 3.1. Let G be a finite group, and m a positive integer. Suppose that for
every g ∈ G the cardinality of the g-sink E (g) is at most m. Then G has a normal
subgroup N of order bounded in terms of m such that G/N is nilpotent.
The conclusion of the theorem can also be stated as a bound in terms of m for the
order of the nilpotent residual subgroup γ∞(G), the intersection of all terms of the
lower central series (which for a finite group is of course also equal to some subgroup
γn(G)).
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First we recall or prove a few preliminary results. We shall use the following
well-known properties of coprime actions: if α is an automorphism of a finite group
G of coprime order, (|α|, |G|) = 1, then CG/N(α) = CG(α)N/N for any α-invariant
normal subgroup N , the equality [G,α] = [[G,α], α] holds, and if G is in addition
abelian, then G = [G,α]× CG(α).
Lemma 3.2. Let P be a finite p-subgroup of a group G, and g ∈ G a p′-element
normalizing P . Then the order of [P, g] is bounded in terms of the cardinality of the
g-sink E (g).
Proof. For the abelian p-group V = [P, g]/[P, g]′ we have V = [V, g] and CV (g) = 1
because the action of g on V is coprime. Then V = {[v, g] | v ∈ V } and therefore
also
V = {[v, g, . . . , g︸ ︷︷ ︸
n
] | v ∈ V }
for any n. Hence, V is contained in the image of E (g)∩ [P, g] in [P, g]/[P, g]′, whence
|V | 6 |E (g)|.
Since [P, g] is a nilpotent group, its order is bounded in terms of |[P, g]/[P, g]′|
and its nilpotency class. We claim that, as a crude bound, the nilpotency class of
[P, g] is at most 2|E (g)| + 1. Let γi denote the terms of the lower central series of
[P, g]. The number of factors of the lower central series of [P, g] on which g acts
nontrivially is at most |E (g)|, because for any such a factor U = γi/γi+1 we have
1 6= [U, g] = {[u, g, . . . , g︸ ︷︷ ︸
n
] | u ∈ U}
for any n, since the action of g on U is coprime, and therefore there is an ele-
ment of E (g) in γi \ γi+1. It remains to observe that g cannot act trivially on
two consecutive nontrivial factors of the lower central series of [P, g]. Indeed, if
[γi, g] 6 γi+1 and [γi+1, g] 6 γi+2, then by the Three Subgroup Lemma the inclu-
sions [γi, g, [P, g]] 6 [γi+1, [P, g]] = γi+2 and [[P, g], γi, g] = [γi+1, g] 6 γi+2 imply the
inclusion [g, [P, g], γi] = [[P, g], γi] = γi+1 6 γi+2, and the last inclusion implies that
γi+1 = 1. 
The following lemma already appeared in [10], but we reproduce the proof for the
benefit of the reader.
Lemma 3.3. Let V be an elementary abelian q-group, and U a q′-group of auto-
morphisms of V . If |[V, u]| 6 m for every u ∈ U , then |[V, U ]| is m-bounded, and
therefore |U | is also m-bounded.
Proof. First suppose that U is abelian. We consider V as an FqU -module. Pick
u1 ∈ U such that [V, u1] 6= 0. By Maschke’s theorem, V = [V, u1] ⊕ CV (u1), and
both summands are U -invariant, since U is abelian. If CU([V, u1]) = 1, then |U |
5
is m-bounded and [V, U ] has m-bounded order being generated by [V, u], u ∈ U .
Otherwise pick 1 6= u2 ∈ CU([V, u1]); then V = [V, u1] ⊕ [V, u2] ⊕ CV (〈u1, u2〉). If
1 6= u3 ∈ CU([V, u1]⊕ [V, u2]), then V = [V, u1]⊕ [V, u2]⊕ [V, u3]⊕ CV (〈u1, u2, u3〉),
and so on. If CU([V, u1] ⊕ · · · ⊕ [V, uk]) = 1 at some m-bounded step k, then
again [V, U ] has m-bounded order. However, if there are too many steps, then
for the element w = u1u2 · · ·uk we shall have 0 6= [V, ui] = [[V, ui], w], so that
[V, w] = [V, u1]⊕ · · · ⊕ [V, uk] will have order greater than m, a contradiction.
We now consider the general case. Since every element u ∈ U acts faithfully on
[V, u], the exponent of U is m-bounded. If P is a Sylow p-subgroup of U , let M
be a maximal normal abelian subgroup of P . By the above, |[V,M ]| is m-bounded.
Since M acts faithfully on [V,M ], we obtain that |M | is m-bounded. Hence |P | is
m-bounded, since CP (M) = M and P/M embeds in the automorphism group of
M . Since |U | has only m-boundedly many prime divisors, it follows that |U | is m-
bounded. Since [V, U ] =
∑
u∈U [V, u], we obtain that |[V, U ]| is also m-bounded. 
Recall that the Fitting series starts with the Fitting subgroup F1(G) = F (G),
and by induction, Fk+1(G) is the inverse image of F (G/Fk(G)). If G is a soluble
group, then the least number h such that Fh(G) = G is the Fitting height of G. The
following lemma is well known and is easy to prove (see, for example, [9, Lemma 10]).
Lemma 3.4. If G is a finite group of Fitting height 2, then γ∞(G) =
∏
q[Fq, Gq′],
where Fq is a Sylow q-subgroup of F (G), and Gq′ is a Hall q
′-subgroup of G.
We now approach the proof of Theorem 3.1 with the following lemma.
Lemma 3.5. If G is a finite group such that |E (g)| 6 m for all g ∈ G, then G/F (G)
has exponent at most m!.
Proof. Every element g ∈ G centralizes all its powers. Therefore by Lemma 2.2,
since |E (gm!)| 6 m by hypothesis, gm! centralizes E (gm!). By the minimality of the
gm!-sink, then E (gm!) = {1}. This means that gm! is an Engel element and therefore
belongs to the Fitting subgroup F (G) by Baer’s theorem [7, Satz III.6.15]. 
We are now ready to prove Theorem 3.1.
Proof of Theorem 3.1. Recall that G is a finite group such that |E (g)| 6 m for every
g ∈ G. We need to show that |γ∞(G)| is m-bounded.
First suppose that G is soluble. Since G/F (G) has m-bounded exponent by
Lemma 3.5, the Fitting height of G is m-bounded, which follows from the Hall–
Higman theorems [5]. Hence we can use induction on the Fitting height, with trivial
base when the group is nilpotent and γ∞(G) = 1. When the Fitting height is
at least 2, consider the second Fitting subgroup F2(G). By Lemma 3.4 we have
γ∞(F2(G)) =
∏
q[Fq, Hq′], where Fq is a Sylow q-subgroup of F (G), and Hq′ is a
Hall q′-subgroup of F2(G), the product taken over prime divisors of |F (G)|. For a
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given q, let H¯q′ = Hq′/CHq′ (Fq), and let V be the Frattini quotient Fq/Φ(Fq). Note
that H¯q′ acts faithfully on V , since the action is coprime [7, Satz III.3.18].
For every x ∈ H¯q′ the order |[V, x]| is m-bounded by Lemma 3.2. Then |H¯q′| is
m-bounded by Lemma 3.3. As a result, |[Fq, Hq′]| = |[Fq, H¯q′]| is m-bounded, since
[Fq, H¯q′] is the product of m-boundedly many subgroups [Fq, h¯] for h ∈ Hq′, each of
which has m-bounded order by Lemma 3.2.
For the same reasons, there are only m-boundedly many primes q for which
[Fq, Hq′] 6= 1. As a result, |γ∞(F2(G))| is m-bounded. Induction on the Fitting
height applied to G/γ∞(F2(G)) completes the proof in the case of soluble G.
Now consider the general case. Most of the following arguments follow the same
scheme as in the proof of Theorem 1.2 in [10]. First we show that the quotient
G/R(G) by the soluble radical is ofm-bounded order. Let E be the socle of G/R(G).
It is known that E contains its centralizer in G/R(G), so it suffices to show that
E has m-bounded order. In the quotient by the soluble radical, E = S1 × · · · × Sk
is a direct product of non-abelian finite simple groups Si. Since the exponent of
G/F (G) is m-bounded by Lemma 3.5, the exponent of E is also m-bounded. Now
the classification of finite simple groups implies that every Si has m-bounded order,
and it remains to show that the number of factors is also m-bounded. By Shmidt’s
theorem [7, Satz III.5.1], every Si has a non-nilpotent soluble subgroup Ri, for which
γ∞(Ri) 6= 1. Since we already proved our theorem for soluble groups, we can apply
it to T = R1×· · ·×Rk. We obtain that |γ∞(T )| is m-bounded, whence the number
of factors is m-bounded.
Thus, |G/R(G)| is m-bounded. Since |γ∞(R(G)| is m-bounded by the soluble
case proved above, we can consider G/γ∞(R(G)) and assume that R(G) = F (G)
is nilpotent. Then |G/F (G)| is m-bounded. We now use induction on |G/F (G)|.
The basis of this induction includes the trivial case G/F (G) = 1 when γ∞(G) = 1.
But the bulk of the proof deals with the case where G/F (G) is a non-abelian simple
group.
Thus, suppose that G/F (G) is a non-abelian simple group of m-bounded order.
Let g ∈ G be an arbitrary element. The subgroup F (G)〈g〉 is soluble, and therefore
|γ∞(F (G)〈g〉)| is m-bounded by the above. Since γ∞(F (G)〈g〉) is normal in F (G),
its normal closure 〈γ∞(F (G)〈g〉)
G〉 is a product of at most |G/F (G)| conjugates,
each normal in F (G), and therefore has m-bounded order. Choose a transversal
{t1, . . . , tk} of G modulo F (G) and set
K =
∏
i
〈γ∞(F (G)〈ti〉)
G〉,
which is a normal subgroup of G of m-bounded order. It is sufficient to obtain an
m-bounded estimate for |γ∞(G/K)|. Hence we can assume that K = 1. We remark
that then
[F (G), g, . . . , g] = 1 for any g ∈ G, (3.1)
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when g is repeated sufficiently many times. Indeed, g ∈ F (G)ti for some ti, and the
subgroup F (G)〈ti〉 is nilpotent due to our assumption that K = 1.
We now claim that
[F (G), G, . . . , G] = 1 (3.2)
if G is repeated sufficiently many times. It is sufficient to prove that [Fq, G, . . . , G] =
1 for every Sylow q-subgroup Fq of F (G). For any q
′-element h ∈ G we have
[Fq, h] = [Fq, h, h] and therefore [Fq, h] = 1 in view of (3.1). Let H be the subgroup
of G generated by all q′-elements. Then G = FqH since G/F (G) is non-abelian
simple, and [Fq, H ] = 1, so that
[Fq, G, . . . , G] = [Fq, Fq, . . . , Fq] = 1
for a sufficiently long commutator.
We finally show that D := γ∞(G) has m-bounded order. First we show that
D = [D,D]. Indeed, since G/F (G) is non-abelian simple, D is nonsoluble and we
must have
G = F (G)[D,D].
Taking repeatedly commutator with G on both sides and applying (3.2), we obtain
D = γ∞(G) 6 [D,D], so D = [D,D].
Since F (G) ∩ D is hypercentral in D by (3.2) and [D,D] = D, it follows that
F (G) ∩ D 6 Z(D) ∩ [D,D] by the well-known Gru¨n lemma [3, Satz 4]. Thus, D
is a central covering of the simple group D/(F (G) ∩ D) ∼= G/F (G), and therefore
by Schur’s theorem [7, Hauptsatz V.23.5] the order of D is bounded in terms of the
m-bounded order of G/F (G). Thus, we have proved that |γ∞(G)| is m-bounded in
the case where G/F (G) is a non-abelian simple group.
We now finish the proof of Theorem 3.1 by induction on the m-bounded order
k = |G/F (G)| proving that |γ∞(G)| is (m, k)-bounded. The basis of this induction
is the case of G/F (G) being simple: nonabelian simple was considered above, and
simple of prime order is covered by the soluble case. Now suppose that G/F (G)
has a nontrivial proper normal subgroup with full inverse image N , so that F (G) <
N ⊳ G. Since F (N) = F (G), by induction applied to N , the order |γ∞(N)| is
bounded in terms of m and |N/F (G)| < k. Since N/γ∞(N) 6 F (G/γ∞(N)), by
induction applied to G/γ∞(N) the order |γ∞(G/γ∞(N))| is bounded in terms of m
and |G/N | < k. As a result, |γ∞(G)| is (m, k)-bounded, as required. 
4. Profinite almost Engel groups
In this and the next sections, unless stated otherwise, a subgroup of a topological
group will always mean a closed subgroup, all homomorphisms will be continuous,
and quotients will be by closed normal subgroups. This also applies to taking
commutator subgroups, normal closures, subgroups generated by subsets, etc. Of
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course, any finite subgroup is automatically closed. We also say that a subgroup is
generated by a subset X if it is generated by X as a topological group.
In this section we prove Theorem 1.2 for profinite groups, while Corollary 5.5 for
profinite groups is an immediate corollary of Theorem 3.1.
Theorem 4.1. Suppose that G is an almost Engel profinite group. Then G has a
finite normal subgroup N such that G/N is locally nilpotent.
Recall that pro-(finite nilpotent) groups, that is, inverse limits of finite nilpotent
groups, are called pronilpotent groups.
Lemma 4.2. An almost Engel profinite group is pronilpotent if and only if it is
locally nilpotent.
Proof. Of course, any locally nilpotent profinite group is pronilpotent. Conversely,
suppose that G is an almost Engel pronilpotent group. We claim that all Engel
sinks are trivial: E (g) = {1} for every g ∈ G. Indeed, otherwise by Lemma 2.1 E (g)
contains a non-trivial element of the form z = [z, g, . . . , g] with g occurring at least
once. Choosing an open normal subgroup N with nilpotent quotient G/N such that
z 6∈ N , we obtain a contradiction. Thus, E (g) = {1} for every g ∈ G, which means
that all elements of G are Engel elements, that is, G is an Engel profinite group.
Then G is locally nilpotent by the Wilson–Zelmanov theorem [15, Theorem 5]. 
Recall that the pronilpotent residual of a profinite group G is γ∞(G) =
⋂
i γi(G),
where γi(G) are the terms of the lower central series; this is the smallest normal
subgroup with pronilpotent quotient. The following lemma is well known and is
easy to prove. Here, element orders are understood as Steinitz numbers. The same
results also hold in the special case of finite groups.
Lemma 4.3. (a) The pronilpotent residual γ∞(G) of a profinite group G is equal to
the subgroup generated by all commutators [x, y], where x, y are elements of coprime
orders.
(b) For any normal subgroup N of a profinite group G we have γ∞(G/N) =
γ∞(G)N/N .
Proof. Part (a) follows from the characterization of pronilpotent groups as profinite
groups all of whose Sylow subgroups are normal. Part (b) follows from the fact that
for any elements x¯, y¯ of coprime orders in a quotient G/N of a profinite group G
one can find pre-images x, y ∈ G which also have coprime orders. 
The following generalization of Hall’s criterion for nilpotency [4], which will be
used later, already appeared in [10], but we reproduce the proof for the benefit of
the reader. We denote the derived subgroup of a group B by B′.
Proposition 4.4. (a) Suppose that B is a normal subgroup of a group A such
that B is nilpotent of class c and γd(A/B
′) is finite of order k. Then the subgroup
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C = CA(γd(A/B
′)) = {a ∈ A | [γd(A), a] 6 B
′} has finite k-bounded index and is
nilpotent of (c, d)-bounded class.
(b) Suppose that B is a normal subgroup of a profinite group A such that B is
pronilpotent and γ∞(A/B
′) is finite. Then the subgroup D = CA(γ∞(A/B
′)) = {a ∈
A | [γ∞(A), a] 6 B
′} is open and pronilpotent.
Proof. (a) Since A/C embeds into Aut γd(A/B
′), the order of A/C is k-bounded. We
claim that C is nilpotent of (c, d)-bounded class. Indeed, using simple-commutator
notation for subgroups, we have
[C, . . . , C︸ ︷︷ ︸
d+1
, C, C, . . . ] 6 [[γd(A), C], C, . . . ] 6 [[B,B], C, . . . ],
since [γd(A), C] 6 B
′ by construction. Applying repeatedly the Three Subgroup
Lemma, we obtain
[[B,B], C, . . . , C︸ ︷︷ ︸
2d−1
, C, . . . ] 6
∏
i+j=2d−1
[[B,C, . . . , C︸ ︷︷ ︸
i
], [B,C, . . . , C︸ ︷︷ ︸
j
], C, . . . ]
6 [[[B,C, . . . , C︸ ︷︷ ︸
d
], B], C, . . . ]
6 [[[B,B], B], C, . . . ].
Thus, γd+1(C) 6 γ2(B), then γ(d+1)+(2d−1)(C) 6 γ3(B), then a similar calculation
gives γ(d+1)+(2d−1)+(3d−2)(C) 6 γ4(B), and so on. An easy induction shows that
γ1+f(c,d)(C) 6 γc+1(B) = 1 for 1 + f(c, d) = 1 + dc(c+ 1)/2− c(c− 1)/2, so that C
is nilpotent of class f(c, d).
(b) As a centralizer of a normal section, D is a closed normal subgroup. Since
A/D embeds into Aut γ∞(A/B
′), the subgroup D has finite index; thus, D is an
open subgroup. We now show that the image of D = CA(γ∞(A/B
′)) in any finite
quotient A¯ of A is nilpotent. Let bars denote the images in A¯. Then γ∞(A¯/B¯
′) =
γ∞(A/B′) by Lemma 4.3(b). Therefore, D¯ 6 CA¯(γ∞(A¯/B¯
′)). In a finite group,
γ∞(A¯/B¯
′) = γd(A¯/B¯
′) for some positive integer d. Hence D¯ is nilpotent by part
(a). 
In general, the set of Engel elements in a profinite group may not be closed. But in
an almost Engel group, Engel elements form a closed set, and moreover the following
holds.
Lemma 4.5. Let G be an almost Engel profinite group, and k a positive integer.
Then the set
Ek = {x ∈ G | |E (x)| 6 k}.
is closed in G.
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Proof. We wish to show equivalently that the complement of Ek is an open subset
of G. Every element g ∈ (G \ Ek) is characterized by the fact that |E (g)| > k + 1.
Let z1, z2, . . . , zk+1 be some k + 1 distinct elements in E (g). Using Lemma 2.1 we
can write for every i = 1, . . . , k + 1
zi = [zi, g, . . . , g], where g is repeated ki > 1 times. (4.1)
Let N be an open normal subgroup of G such that the images of z1, z2, . . . , zk+1 are
distinct elements in G/N . Then equations (4.1) show that for any u ∈ N the Engel
sink E (gu) contains an element in each of the k+1 cosets ziN . Thus, all elements in
the coset gN are contained in G \Ek. We have shown that every element of G \Ek
has a neighbourhood that is also contained in G \ Ek, which is therefore an open
subset of G. 
Recall that in Theorem 4.1 we need to show that an almost Engel profinite group
G has a finite normal subgroup such that the quotient is locally nilpotent. The first
step is to prove the existence of an open locally nilpotent subgroup.
Proposition 4.6. If G is an almost Engel profinite group, then it has an open
normal pronilpotent subgroup.
Of course, the subgroup in question will also be locally nilpotent by Lemma 4.2;
the result can also be stated as the openness of the largest normal pronilpotent
subgroup.
Proof. For every g ∈ G we choose an open normal subgroupNg such that E (g)∩Ng =
1. Then g is an Engel element in Ng〈g〉. By Baer’s theorem [7, Satz III.6.15], in
every finite quotient of Ng〈g〉 the image of g belongs to the Fitting subgroup. As a
result, the subgroup [Ng, g] is pronilpotent.
Let N˜g be the normal closure of [Ng, g] in G. Since [Ng, g] is normal in Ng, which
has finite index, [Ng, g] has only finitely many conjugates, so N˜g is a product of
finitely many normal subgroups of Ng, each of which is pronilpotent. Hence, so is
N˜g. Therefore all the subgroups N˜g are contained in the largest normal pronilpotent
subgroup K.
It is easy to see that G/K is an FC-group (that is, every conjugacy class is finite):
indeed, every g¯ ∈ G/K is centralized by the image of Ng, which has finite index in
G. A profinite FC-group has finite derived subgroup [13, Lemma 2.6]. Hence we
can choose an open subgroup of G/K that has trivial intersection with the finite
derived subgroup of G/K and therefore is abelian; let H be its full inverse image in
G. Thus, H is an open subgroup such that the derived subgroup H ′ is contained in
K.
We now consider the metabelian quotient M = H/K ′, which is also an almost
Engel group, and temporarily use the symbols E (g) for the Engel g-sinks in M . For
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every positive integer k, consider the set
Ek = {x ∈M | |E (x)| 6 k}.
By Lemma 4.5, every set Ek is closed in M . Since M is an almost Engel group, we
have
M =
⋃
i
Ei.
By the Baire category theorem [8, Theorem 34], one of these sets contains an open
subset; that is, there is an open subgroup U and a coset aU such that aU ⊆ Em for
some m. In other words, |E (au)| 6 m for all u ∈ U .
We claim that |E (u)| 6 m2 for any u ∈ U . Indeed, by Lemma 2.3(a) both E (a)
and E (au) are normal subgroups of M contained in M ′. In the quotient
M¯ =M/
(
E (a)E (au)
)
,
both M¯ ′〈a¯〉 and M¯ ′〈a¯u¯〉 are normal locally nilpotent subgroups. Hence their prod-
uct, which contains u¯, is also a locally nilpotent subgroup by the Hirsch–Plotkin
theorem [12, 12.1.2]. As a result, E (u) 6 E (a)E (au) and therefore |E (u)| 6
|E (a)| · |E (au)| 6 m2.
Since M ′ 6 K/K ′, it is easy to see that E (u) = E (uk) for any u ∈ U and any
k ∈ K/K ′. Therefore, setting V = U(K/K ′) we have |E (v)| 6 m2 for any v ∈ V .
Thus, the Engel sinks of elements of V uniformly satisfy the inequality |E (v)| 6
m2 for all v ∈ V . The same inequality holds in every finite quotient V¯ of V , to which
we can therefore apply Theorem 3.1. As a result, |γ∞(V¯ )| 6 n for some number
n = n(m) depending only on m. Then also |γ∞(V )| 6 n.
Let W be the full inverse image of V , which is an open subgroup of G containing
K, and let Γ be the full inverse image of γ∞(V ). Now let F = CW (γ∞(V )) =
{w ∈ W | [Γ, w] 6 K ′}. By Proposition 4.4(b), this is an open normal pronilpotent
subgroup, which completes the proof of Proposition 4.6. 
Proof of Theorem 4.1. Recall that G is an almost Engel profinite group, and we need
to show that γ∞(G) is finite. Henceforth we denote by F (L) the largest normal pro-
nilpotent subgroup of a profinite group L. By Proposition 4.6 we already know that
G has an open normal pronilpotent subgroup, so that F (G) is also open. Further
arguments largely follow the scheme of proof of Theorem 1.1 in [10].
Since G/F (G) is finite, we can use induction on |G/F (G)|. The basis of this
induction includes the trivial case G/F (G) = 1 when γ∞(G) = 1. But the bulk of
the proof deals with the case where G/F (G) is a finite simple group.
Thus, we assume that G/F (G) is a finite simple group (abelian or non-abelian).
Let p be a prime divisor of |G/F (G)|, and g ∈ G \ F (G) an element of order pn,
where n is either a positive integer or∞ (so pn is a Steinitz number). For any prime
q 6= p, the element g acts by conjugation on the Sylow q-subgroup Q of F (G) as an
automorphism of order dividing pn. The subgroup [Q, g] is a normal subgroup of
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Q and therefore also a normal subgroup of F (G). The image of [Q, g] in any finite
quotient has order bounded in terms of |E (g)| by Lemma 3.2. It follows that [Q, g]
is finite of order bounded in terms of |E (g)|.
Since [Q, g] is normal in F (G), its normal closure 〈[Q, g]G〉 in G is a product of
finitely many conjugates and is therefore also finite. Let R be the product of these
closures 〈[Q, g]G〉 over all Sylow q-subgroups Q of F (G) for q 6= p. Since [Q, g] is
finite of order bounded in terms of |E (g)| as shown above, there are only finitely
many primes q such that [Q, g] 6= 1 for the Sylow q-subgroup Q of F (G). Therefore
R is finite, and it is sufficient to prove that γ∞(G/R) is finite. Thus, we can assume
that R = 1. Note that then [Q, ga] = 1 for any conjugate ga of g and any Sylow
q-subgroup Q of F (G) for q 6= p.
Choose a transversal {t1, . . . , tk} of G modulo F (G). Let G1 = 〈g
t1, . . . , gtk〉.
Clearly, G1F (G)/F (G) is generated by the conjugacy class of the image of g. Since
G/F (G) is simple, we have G1F (G) = G. By our assumption, the Cartesian product
T of all Sylow q-subgroups of F (G) for q 6= p is centralized by all elements gti. Hence,
[G1, T ] = 1. Let P be the Sylow p-subgroup of F (G) (possibly, trivial). Then also
[PG1, T ] = 1, and therefore
γ∞(G) = γ∞(G1F (G)) = γ∞(PG1).
The image of γ∞(PG1) ∩ T in G/P is contained both in the centre and in the
derived subgroup of PG1/P and therefore is isomorphic to a subgroup of the Schur
multiplier of the finite group G/F (G). Since the Schur multiplier of a finite group
is finite [7, Hauptsatz V.23.5], we obtain that γ∞(G) ∩ T = γ∞(PG1) ∩ T is finite.
Therefore we can assume that T = 1, in other words, that F (G) is a p-group.
If |G/F (G)| = p, then G is a pro-p group, so it is pronilpotent, which means that
γ∞(G) = 1 and the proof is complete. If G/F (G) is a non-abelian simple group, then
we choose another prime r 6= p dividing |G/F (G)| and repeat the same arguments
as above with r in place of p. As a result, we reduce the proof to the case F (G) = 1,
where the result is obvious.
We now finish the proof of Theorem 4.1 by induction on |G/F (G)|. The basis
of this induction where G/F (G) is a simple group was proved above. Now suppose
that G/F (G) has a nontrivial proper normal subgroup with full inverse image N ,
so that F (G) < N ⊳G. Since F (N) = F (G), by induction applied to N the group
γ∞(N) is finite. Since N/γ∞(N) 6 F (G/γ∞(N)), by induction applied to G/γ∞(N)
the group γ∞(G/γ∞(N)) is also finite. As a result, γ∞(G) is finite, as required. 
5. Compact almost Engel groups
In this section we prove the main Theorem 1.2 about compact almost Engel
groups. We use the structure theorems for compact groups and the results of the
preceding section on profinite almost Engel groups.
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Recall that a group H is said to be divisible if for every h ∈ H and every positive
integer k there is an element x ∈ H such that xk = h.
Proposition 5.1. If H is an almost Engel divisible group, then H is in fact an
Engel group.
Proof. We need to show that E (h) = {1} for every h ∈ H . Let |E (h)| = k. Let
g ∈ H be an element such that gk! = h. Since g centralizes h, by Lemma 2.2
we obtain that h = gk! centralizes E (h). By the minimality of the h-sink, then
E (h) = {1}, as required. 
We are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let G be an almost Engel compact group; we need to show
that there is a finite subgroup N such that G/N is locally nilpotent. By the well-
known structure theorems (see, for example, [6, Theorems 9.24 and 9.35]), the con-
nected component of the identity G0 in G is a divisible group such that G0/Z(G0)
is a Cartesian product of simple compact Lie groups, while the quotient G/G0 is
a profinite group. By Proposition 5.1, G0 is an Engel group. Compact Lie groups
are linear groups, and linear Engel groups are locally nilpotent by the Garashchuk–
Suprunenko theorem [1] (see also [2]). Hence G0 = Z(G0) is an abelian subgroup.
Remark 5.2. If a compact group G is an Engel group, then by the above G is an ex-
tension of an abelian subgroup G0 by a profinite group G/G0. Being an Engel group,
G/G0 is locally nilpotent by the Wilson–Zelmanov theorem [15, Theorem 5]. It is
known that an Engel abelian-by-(locally nilpotent) group is locally nilpotent (see,
for example, [12, 12.3.3]). This gives an alternative proof of Medvedev’s theorem
[11].
We proceed with the proof of Theorem 1.2.
Lemma 5.3. For every g ∈ G we have E (g) ∩ G0 = 1, which is equivalent to the
fact that for any x ∈ G0 we have
[x, g, . . . , g] = 1
if g is repeated sufficiently many times.
Proof. Suppose the opposite and choose 1 6= z ∈ E (g) ∩ G0. By Lemma 2.1 then
z = [z, g, . . . , g] with g occurring at least once. Hence z belongs also to the g-
sink within the semidirect product G0〈g〉. Since this subgroup is metabelian, by
Lemma 2.3(a) the g-sink in G0〈g〉 is a subgroup, which is equal to E (g) ∩ G0.
Therefore we can choose z1 in E (g) ∩ G0 of some prime order p = |z1|. Again by
Lemma 2.1 we have z1 = [z1, g, . . . , g] with g occurring at least once. In the divisible
group G0 for every k = 1, 2, . . . there is an element zk such that z
pk
k = z1. We
have yk = [zk, g, . . . , g] ∈ E (g) ∩ G0 when g is repeated sufficiently many times.
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Then yp
k
k = [z
pk
k , g, . . . , g] = [z1, g, . . . , g], which is an element of the orbit of z1 in
E (g)∩G0 under the mapping x→ [x, g] and therefore has the same order p = |z1| by
Lemma 2.3(b). Thus, yk is an element of E (g) of order exactly p
k+1, for k = 1, 2, . . . .
As a result, E (g) is infinite, a contradiction with the hypothesis. 
Applying Theorem 4.1 to the almost Engel profinite group G¯ = G/G0 we obtain a
finite normal subgroup D with locally nilpotent quotient. Then D contains all Engel
sinks E¯ (g) of elements g ∈ G¯ and therefore the subgroup E generated by them:
E := 〈E¯ (g) | g ∈ G¯〉 6 D.
Clearly, E¯ (g)h = E¯ (gh) for any h ∈ G¯; hence E is a normal finite subgroup of G¯.
We replace D by E in the sense that G¯/E is also locally nilpotent by the Wilson–
Zelmanov theorem [15, Theorem 5], since this is an Engel profinite group.
We now consider the action of G¯ by automorphisms on G0 induced by conjugation.
Lemma 5.4. The subgroup E acts trivially on G0.
Proof. The abelian divisible group G0 is a direct product A0×
∏
pAp of a torsion-free
divisible group A0 and Sylow subgroups Ap over various primes p. Clearly, every
Sylow subgroup is normal in G.
First we show that E acts trivially on each Ap. It is sufficient to show that for
every g ∈ G¯ every element z ∈ E¯ (g) acts trivially on Ap. Consider the action of 〈z, g〉
on Ap. Note that 〈z, g〉 = 〈z
〈g〉〉〈g〉, where 〈z〈g〉〉 is a finite g-invariant subgroup, since
it is contained in the finite subgroup E. For any a ∈ Ap the subgroup
〈a〈g〉〉 = 〈a, [a, g], [a, g, g], . . . 〉
is a finite p-group by Lemma 5.3, and this subgroup is g-invariant. Its images under
the action of elements of the finite group 〈z〈g〉〉 generate a finite p-group B, which
is 〈z, g〉-invariant. Lemma 5.3 implies that the image of 〈z, g〉 in its action on B
must be a p-group. Indeed, otherwise this image contains a p′ element y that acts
non-trivially on the Frattini quotient V = B/Φ(B). Then V = [V, y] and CV (y) = 1,
whence [V, y] = {[v, g] | v ∈ [V, y]} and therefore also [V, y] = {[v, y, . . . , y] | v ∈
[V, y]} with y repeated n times, for any n, contrary to Lemma 5.3. But since z is an
element of E¯ (g), by Lemma 2.1 we have z = [z, g, . . . , g] with at least one occurrence
of g. Since a finite p-group is nilpotent, this implies that the image of z in its action
on B must be trivial. In particular, z centralizes a. As a result E acts trivially on
Ap, for every prime p.
We now show that E also acts trivially on the quotientW = G0/
∏
pAp ofG0 by its
torsion part. Note that W can be regarded as a vector space over Q. Every element
g ∈ E has finite order and therefore by Maschke’s theorem W = [W, g]× CW (g). If
[W, g] 6= 1, then [W, g] = {[w, g, . . . , g] | w ∈ [W, g]} with g repeated n times, for
any n. This contradicts Lemma 5.3.
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Thus, E acts trivially both on W and on
∏
pAp. Then any automorphism of G0
induced by conjugation by g ∈ E acts on every element a ∈ A0 as a
g = at, where
t = t(a) is an element of finite order in G0. Since a
gi = ati, the order of t must
divide the order of g. Assuming the action of E on G0 to be non-trivial, choose an
element g ∈ E acting on G0 as an automorphism of some prime order p. Then there
is a ∈ A0 such that a
g = at, where t ∈ G0 has order p. For any k = 1, 2, . . . there
is an element ak ∈ A0 such that a
pk
k = a. Then a
g
k = aktk, where t
pk
k = t. Thus
|tk| = p
k+1, and therefore pk+1 divides the order of g, for every k = 1, 2, . . . . We
arrived at a contradiction since g has finite order. 
Let F be the full inverse image of E in G. Recall that we have normal subgroups
G0 6 F 6 G such that G0 is divisible, F/G0 is finite, and G/F is locally nilpotent.
We aim at producing a finite normal subgroup N such that G/N is locally nilpotent.
By Lemma 5.4 the subgroup G0 is contained in the centre of the full inverse
image F of E, so that F has centre of finite index. Then the derived subgroup F ′
is finite by Schur’s theorem [7, Satz IV.2.3]. We can assume that F ′ = 1, so that
then F is abelian. In the abstract abelian group F the divisible subgroup G0 has a
complement C, which is obviously finite, F = G0×C. Let M be the normal closure
of C in G.
Note that G/M is a locally nilpotent group. Indeed, G/F is locally nilpotent,
while F/M is G-isomorphic to G0/(G0 ∩ M) so that G/M is an Engel group by
Lemma 5.3. Being an abelian-by-(locally nilpotent) Engel group, then G/M is
locally nilpotent.
Consider the natural semidirect productM⋊(G/CG(M)) with the induced topol-
ogy, in which the action of G/CG(M) on M is continuous. Both M and G/CG(M)
are profinite groups; therefore M ⋊ (G/CG(M)) is also a profinite group (see [14,
Lemma 1.3.6]). Note that G/CG(M) is locally nilpotent, since M 6 CG(M).
The group M ⋊ (G/CG(M)) is also almost Engel, so by Theorem 4.1 it contains a
finite normal subgroup with locally nilpotent quotient. This finite subgroup there-
fore contains the subgroup K generated by all Engel sinks in M ⋊ (G/CG(M));
since G/CG(M) is locally nilpotent, K 6 M . Since G/M is also locally nilpotent,
the Engel sinks in G are all contained in M and coincide with the Engel sinks in
M ⋊ (G/CG(M)). Renaming K by N as a subgroup of G we arrive at the required
result. Indeed, N is a normal subgroup because E (g)h = E (gh) for any h ∈ G. The
group G/N is locally nilpotent being an Engel group which is an extension of an
abelian group F/N by a locally nilpotent group G/F . The proof of Theorem 1.2 is
complete. 
Corollary 5.5. Let G be an almost Engel compact group such that for some positive
integer m all Engel sinks E (g) have cardinality at most m. Then G has a finite
normal subgroup N of order bounded in terms ofm such that G/N is locally nilpotent.
16
Proof. By Theorem 1.2 the group G is finite-by-(locally nilpotent). Therefore every
abstract finitely generated subgroup H of G is finite-by-nilpotent and residually
finite. By Theorem 3.1, every finite quotient of H has nilpotent residual of m-
bounded order. Hence γ∞(H) is also finite of m-bounded order, and H/γ∞(H) is
nilpotent. Thus, every finitely generated subgroup of G has a normal subgroup of
m-bounded order with nilpotent quotient. By the standard inverse limit argument,
the group G has a normal subgroup of m-bounded order with locally nilpotent
quotient. 
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